Abstract. We prove that if the moduli Q-b-divisor of a basic slc-trivial fibration is bnumerically trivial then it is Q-b-linearly trivial. As a consequence, we prove that the moduli part of a basic slc-trivial fibration is semi-ample when the base space is a curve.
Introduction
This paper is a continuation of the first author's paper: [Fu5] . In [Fu5] , we introduced the notion of basic slc-trivial fibrations, which is a kind of canonical bundle formula for reducible varieties, and investigated some fundamental properties. The following statement is one of the main results of [Fu5] . The main purpose of this paper is to prove the following theorem. For the proof of Theorem 1.3, we closely follow Floris's arguments in [Fl] . We adapt her proof of Theorem 1.3 for lc-trivial fibrations to our setting. As is well-known, the main ingredient of [A1, Theorem 0.1] , [A2, Theorem 3.5] , and [Fl, Theorem 1.3 ] is Deligne's result on local subsystems of polarizable variations of Q-Hodge structure (see [D1, Corollaire (4.2.8 
)]).
We briefly explain the organization of this paper. In Section 2, we fix the notation and recall some definitions for the reader's convenience. In Section 3, we quickly recall the notion of basic slc-trivial fibrations and some definitions following [Fu5] . In Section 4, we see that the cyclic group action constructed in [Fu5, Section 6 ] preserves some parts of weight filtrations of the variation of mixed Hodge structure. Section 5 is devoted to the proof of Theorem 1.3. By using the result obtained in Section 4, we reduce Theorem 1.3 to Deligne's result on local subsystems of polarizable variations of Q-Hodge structure.
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Conventions. We will work over C, the complex number field, throughout this paper. We will freely use the basic notation of the minimal model program as in [Fu1] and [Fu3] . A scheme means a separated scheme of finite type over C. A variety means a reduced scheme, that is, a reduced separated scheme of finite type over C. In this paper, a variety may be reducible. However, we sometimes assume that a variety is irreducible without mentioning it explicitly if there is no danger of confusion. The set of integers (resp. rational numbers) is denoted by Z (resp. Q). The set of positive rational numbers (resp. integers) is denoted by Q >0 (resp. Z >0 ).
In this paper, we do not use R-divisors. We only use Q-divisors.
Preliminaries
In this section, we quickly recall some basic definitions and notation for the reader's convenience. For the details, see [Fu5, Section 2] . We will freely use the standard notation and definitions of the minimal model program as in [Fu1] and [Fu3] . For the details of semi-log canonical pairs, we recommend the reader to see [Fu2] .
Let us start with the definition of simple normal crossing pairs.
Definition 2.1 (Simple normal crossing pairs). We say that the pair (X, B) is simple normal crossing at a point a ∈ X if X has a Zariski open neighborhood U of a that can be embedded in a smooth variety M, where M has a regular system of parameters (x 1 , . . . , x p , y 1 , . . . , y r ) at a = 0 in which U is defined by a monomial equation
We say that (X, B) is a simple normal crossing pair if it is simple normal crossing at every point of X. If (X, 0) is a simple normal crossing pair, then X is called a simple normal crossing variety. If (X, B) is a simple normal crossing pair and B is reduced, then B is called a simple normal crossing divisor on X.
Let (X, B) be a simple normal crossing pair such that B = B ≤1 holds. Let ν : X ν → X be the normalization of X. We put
, that is, Θ is the sum of the inverse images of B and the singular locus of X. By assumption, Θ = Θ ≤1 holds. Therefore, it is easy to see that (X ν , Θ) is sub log canonical. In this situation, we simply say that W is a stratum of (X, B) if W is an irreducible component of X or W is the ν-image of some log canonical center of (X ν , Θ). We note that a stratum of a simple normal crossing variety X means a stratum of a simple normal crossing pair (X, 0).
We recall various definitions and operations of (Q-)divisors for the reader's convenience. We note that we are mainly interested in reducible varieties in this paper.
(Divisors)
. Let X be a scheme with structure sheaf O X and let K X be the sheaf of total quotient rings of O X . Let K
such that f i ∈ Γ(X, K * X ) and r i ∈ Z (resp. r i ∈ Q) for every i. We note that (f i ) is a principal Cartier divisor associated to f i , that is, the image of f i by
From now on, let X be an equidimensional scheme. We note that X is not necessarily regular in codimension one. A (Weil) divisor D on X is a finite formal sum
where D i is an irreducible reduced closed subscheme of X of pure codimension one and d i is an integer for every i such that
where ⌈d i ⌉ is the integer defined by
We also put
holds, we call D a boundary Q-divisor.
We further assume that f : X → Y is a surjective morphism onto an irreducible variety Y . Then we put
and call D v the vertical part and D h the horizontal part of D with respect to f : X → Y , respectively.
Finally, let D be a Q-Cartier divisor on a complete normal irreducible variety X. If D · C = 0 for any complete curve C on X, then D is said to be numerically trivial. When D is numerically trivial, we simply write D ≡ 0.
Let us recall the definition of strongly nef divisors introduced by the first author in [Fu5] . 
Although it is dispensable, the following definition is very useful when we state our results (see Theorems 1.1 and 1.3). We note that the Q-Cartier closure of a Q-Cartier Q-divisor D on a normal variety X is the Q-b-divisor D with trace
where f : Y → X is a proper birational morphism from a normal variety Y .
Definition 2.4 (see [Fu5, Definition 2.12] ). Let X be a normal irreducible variety.
For the details of (b-)strongly nef divisors, we recommend the reader to see [Fu5, Section 2] .
Quick review of basic slc-trivial fibrations
In this section, we quickly recall some definitions of basic slc-trivial fibrations in [Fu5, Section 4] .
Let us introduce the notion of basic slc-trivial fibrations. (1) Y is a normal irreducible variety, (2) every stratum of X is dominant onto Y and
holds over the generic point of Y , and (4) there exists a Q-Cartier Q-divisor D on Y such that
If a pre-basic slc-trivial fibration f : (X, B) → Y also satisfies
Roughly speaking, if X is irreducible and (X, B) is sub kawamata log terminal (resp. sub log canonical) over the generic point of Y , then it is a klt-trivial fibration (resp. an lc-trivial fibration).
In order to define discriminant Q-b-divisors and moduli Q-b-divisors for basic slc-trivial fibrations, we need the notion of induced (pre-)basic slc-trivial fibrations.
3.2 (Induced (pre-)basic slc-tirival fibrations, see [Fu5, 4.3] ). Let f : (X, B) → Y be a (pre-)basic slc-trivial fibration and let σ : Y ′ → Y be a generically finite morphism from a normal irreducible variety Y ′ . Then we have an induced (pre-)basic slc-trivial fibration
where
Now we are ready to define discriminant Q-b-divisors and moduli Q-b-divisors for basic slc-trivial fibrations.
3.3 (Discriminant and moduli Q-b-divisors, see [Fu5, 4.5] ). Let f : (X, B) → Y be a (pre-)basic slc-trivial fibration as in Definition 3.1. Let P be a prime divisor on Y . By shrinking Y around the generic point of P , we assume that P is Cartier. We set
where ν : X ν → X is the normalization and
, that is, Θ is the sum of the inverse images of B and the singular locus of X, and set
where P runs over prime divisors on Y . Then it is easy to see that B Y is a well-defined
Let σ : Y ′ → Y be a proper birational morphism from a normal variety Y ′ and let
For the full details of this section, we recommend the reader to see [Fu5, Section 4] .
On variation of mixed Hodge structure
This section heavily depends on [FF1, Sections 4 and 7] . We strongly recommend the reader to take a quick look at [FF1, Section 4] before reading this section.
Let us quickly recall [FF1, Theorem 7 .1], which is one of the main ingredients of [Fu5] (see [Fu5, Section 3] ). 
the Hodge filtration. We assume that all the local monodromies on the local system
For the details of Theorem 4.1, we recommend the reader to see [FF1, Sections 4 and 7] (see also [FFS] ). We note that the reader can find basic definitions of variations of mixed Hodge structure in [FF1, Section 3] .
Let us introduce the notion of birational maps of simple normal crossing pairs.
Definition 4.2 (Birational maps of simple normal crossing pairs). Let (V 1 , T 1 ) and (V 2 , T 2 ) be simple normal crossing pairs such that T 1 and T 2 are reduced. Let α : V 1 V 2 be a proper birational map. Assume that there exist Zariski open sets U 1 and U 2 of V 1 and V 2 respectively such that U 1 contains the generic point of any stratum of (V 1 , T 1 ), U 2 contains the generic point of any stratum of (V 2 , T 2 ), and α induces an isomorphism between (U 1 , T 1 | U 1 ) and (U 2 , T 2 | U 2 ). Then we call α a birational map between (V 1 , T 1 ) and (V 2 , T 2 ).
As an easy application of [FF1, Lemma 6 
where (V ′ , T ′ ) is a simple normal crossing pair such that T ′ is reduced, and p i is a proper birational morphism between (V ′ , T ′ ) and (V i , T i ) for i = 1, 2. In this situation, p i induces a natural one-to-one correspondence between the set of strata of (V ′ , T ′ ) and that of (V i , T i ) for i = 1, 2. Let S be any stratum of (V ′ , T ′ ). Then we have S) for i = 1, 2. Moreover, we have
Proof. 
is a smooth irreducible variety and p i : S → p i (S) is obviously birational for i = 1, 2. This implies that
, it is easy to see that there exists a natural one-to-one correspondence between the set of strata of (V ′ , T ′ ) and that of (V i , T i ) for i = 1, 2.
Let us introduce a somewhat artificial condition for birational maps of simple normal crossing pairs. We will use it in Lemma 4.5 below.
Definition 4.4. Let (V, T ) be a simple normal crossing pair such that T is reduced. Let α : V V be a birational map between (V, T ) and (V, T ) in the sense of Definition 4.2. We say that α satisfies condition (⋆) if there exists a commutative diagram
with the following properties:
(1) (V ′ , T ′ ) is a simple normal crossing pair such that T ′ is reduced. (2) p i is a proper birational morphism between (V ′ , T ′ ) and (V, T ) in the sense of Definition 4.2 for i = 1, 2. (3) There are semi-simplicial resolutions ε T : T • → T and ε V : V • → V , that is, T • and V • are semi-simplicial varieties, ε T and ε V are argumentations and of cohomological descent, such that V p and T q are disjoint unions of some strata of (V, T ) for all p and q and that they fit in the following commutative diagram
where φ is a morphism of semi-simplicial varieties and j is the natural closed embedding. Moreover, ε T : S → ε T (S) (resp. ε V : S → ε V (S)) is a natural isomorphism for any irreducible component S of T • (resp. V • ). We note that S is a stratum of (V, T ).
(4) There are semi-simplicial varieties ε T ′ :
q are disjoint unions of some strata of (V ′ , T ′ ) for all p and q and that they fit in the following commutative diagram
where φ ′ is a morphism of semi-simplicial varieties and j ′ is the natural closed embedding. As in (3), ε T ′ :
, and α| T ′ q are birational maps of smooth varieties for all p and q.
The main purpose of this section is to establish the following result, which will play a crucial role in the proof of Theorem 1.3 in Section 5.
Lemma 4.5. We use the same notation and assumption as in Theorem 4.1. We assume that Y is a curve. We further assume that (V, T + Supp h * Σ) is a simple normal crossing pair and that all the local monodromies on the local system R j h * Q S * around Σ are unipotent for any stratum S of (V, T ) and all j, where S * = S| V * . Let α : V V be a birational map between (V, T ) and (V, T ) over Y . We assume that α satisfies condition (⋆) in Definition 4.4. Then α induces isomorphisms In the proof of Lemma 4.5, we will use some arguments and constructions in [FF1, Section 4] .
Proof of Lemma 4.5. By assumption, α satisfies condition (⋆) in Definition 4.4. Therefore, we can take a commutative diagram
t t t t t t t t
as in (4.2). From now on, we will use the same notation as in Definition 4.4. We put
is a simple normal crossing pair by assumption, E • and F • are simple normal crossing divisors on V • and T • , respectively. As in the proof of [FF1, Lemma 4 .12], we can construct a complex C(φ * ) on Y equipped with filtrations W and F such that
Step 1. The spectral sequence
degenerates at E 1 (see the proof of [FF1, Lemma 4.12] and [Fu5, 13.3] ). Therefore, we have the following short exact sequences
for all p and q. We note that F 0 C(φ * ) = C(φ * ) by construction. Let us consider the following commutative diagram.
By definition, we have
for all p and q. We put
for all p and q. Then the map t p+q induces (4.8) Gr
for all p and q. We will prove that i p+are isomorphisms for all p and q in Step 2.
Step 2. Let us see the spectral sequence
by construction. We note that the differentials of the spectral sequence (4.9) are strictly compatible with the filtration induced by F and that the spectral sequence (4.9) degenerates at E 2 . For the details, see the proof of [FF1, Lemma 4.12] and [Fu5, 13.3] .
The following argument corresponds to the strictness of the filtration F on the E 0 -term of the spectral sequence E p,q r (C(φ * ), W ) (see [Fu5, 13.3] ), which is missing in [FF1, Section 4] . By [S, (2.11 
Tp/Y (log F p ) is locally free for any a, b, and p. Therefore, the spectral sequence
degenerates at E 1 . In particular,
holds for any p, q. By the same way, we see that
holds for any p, q. Thus we have
(4.10)
By taking Gr 0 F of the spectral sequence (4.9), we obtain the following spectral sequence E p,q
Note that Gr
holds as we saw in (4.10). Moreover,
holds for every r ≥ 0 by the lemma on two filtrations (see [D2, Propositions (7.2.5 ) and (7.2.8)], [PS, Theorem 3.12] , and so on). Anyway, we obtain
for all p and q. We note that the filtration W on H p+q (Gr 0 F C(φ * )) is the one defined in (4.7). We also note that Gr
in (4.8) are isomorphisms for all p and q inductively by using (4.8) and (4.11) .
Step 3. By construction, we have
For the details of the filtration W on C(φ * ), which is denoted by L in [FF1, Section 4], we recommend the reader to see, for example, (4.2.1) and (4.8.2) in [FF1, Section 4] . Therefore, by Lemma 4.3 and the commutative diagram (4.6) in Definition 4.4, α induces isomorphisms
for all p. Thus α induces isomorphisms
for all p and q by the following commutative diagram
and the definition of the filtration W in (4.7). Anyway, we obtain isomorphisms
for all m and k by putting p = k − m and q = m. By (4.12) and the fact that
, we obtain the desired isomorphisms
When the group G acts on (V, T ) birationally over Y such that every element α ∈ G satisfies condition (⋆) in Definition 4.4, it is easy to see that G also acts on
for all m and k by the above result.
We make an important remark on dual variations of mixed Hodge structure.
Remark 4.6 (see [FF1, Remarks 3.15 and 7.4] ). We use the same notation and assumption as in Lemma 4.5. Let us consider the dual local system of R k (h| V * ) * ι ! Q V * \T * and the dual variation of mixed Hodge structure on it. Then the locally free sheaf (V k Y * ) * carries the Hodge filtration F and the weight filtration W defined as in [FF1, Remark 3.15] . By the construction of the Hodge filtration F ,
holds for every p. We note that Gr
* , the canonical extension of the lowest piece of the Hodge filtration. By taking the dual of Lemma 4.5, G acts on
* for every m, where W denotes the canonical extension of the weight filtration of (V k Y * )
* . We note that we have
for all p and m by construction.
We close this section with the following lemma, which is more or less well-known to the experts (see [Z] , [P] , [K] , [FF2] , and so on). We will use it in the proof of Theorem 1.3 in Section 5. Proof. Let h 0 be the smooth hermitian metric on L| C 0 induced by the Hodge metric of
is a semipositive smooth (1, 1)-form on C 0 . We note that Θ h 0 (L| C 0 ) is the curvature tensor of the Chern connection of (L| C 0 , h 0 ). Then
holds (see, for example, [K, Theorem 5.1] ). Note that the right hand side is an improper integral. By assumption, deg
Remark 4.8. In Lemma 4.7, the smooth hermitian metric h 0 on L| C 0 can be extended naturally to a singular hermitian metric h on L in the sense of Demailly such that 
Proof of Theorem 1.3
In this section, we prove Theorem 1.3 and its corollary: Corollary 1.4.
Let us prepare an easy lemma. By this lemma, we can reduce the problem to the case where the base space is a curve. Proof. We consider the following long exact sequence
It is obvious that
By the Kodaira vanishing theorem, we have
holds. In particular, N ∼ 0 if and only if N| H ∼ 0.
Let us start the proof of Theorem 1.3. We adapt Floris's proof of Theorem 1.3 for lc-trivial fibrations (see [Fl] ) to our setting, that is, basic slc-trivial fibrations.
Proof of Theorem 1.3. This proof heavily depends on [Fu5, Section 6] .
Step 1. Let f : (X, B) → Y be a basic slc-trivial fibration. Let F be a general fiber of f : X → Y . We put
Then we can write (5.1) is Cartier, and every stratum of (X, (B h ) =1 ) is dominant onto Y . We take the b-fold cyclic cover π : X → X associated to (5.1), that is,
) is semi-log canonical (for the definition of semi-log canonical pairs, see [Fu2, Definition 2.3] [Fu5, Definition 2.3] . We take a projective birational morphism d : V → X from a simple normal crossing variety V such that d is an isomorphism over the generic point of every slc stratum of ( X, (B h X ) =1 ) by [BVP, Theorem 1.4] . We put
Then we get the following commutative diagram
For the details, see the construction of (5.2) in [Fu5, Section 6] . We note that the Galois group G = Z/bZ of π : X → X plays a crucial role in this proof. By taking a suitable birational modification of Y and considering induced (pre-)basic slc-trivial fibrations, we may assume that the following properties hold for 
We note that conditions (a)-(g) above are nothing but the conditions stated just before [Fu5, Proposition 6 [Fu5, Lemma 7 .3]), we may further assume that (A) for any irreducible component P of Supp Σ Y , we assume that there exists a prime divisor Q on V such that mult Q (−B V + h * B Y ) = 0, h(Q) = P , and mult Q h * P = 1, (B) all the local monodromies on the local system
is the natural open immersion, and (C) all the local monodromies on the local system R k h * Q S * around Σ Y are unipotent for any stratum S of (V, (B h V ) =1 ) and every k, where S * = S| V * . Note that the above assumptions (A) and (B) are nothing but the assumptions in (iv) and (v) in [Fu5, Proposition 6.1] . We also note that we have to make N j in the proof of [Fu5, Lemma 7 .3] sufficiently divisible in order to make the monodromy on the local system R k h * Q S * around P j , an irreducible component of Σ Y , unipotent for any stratum S of (V, (B h V ) =1 ) and every k when we take a finite cover ν : Y ′′ → Y for a unipotent reduction (see [Fu5, Lemma 7.3] ). respectively as in [FF1, 4.14] . We put V = i∈I V i and V i = j V i j , where V i j runs over irreducible components of V such that g(V i j ) = X i . We put T = λ∈Λ T λ and T λ = l T λ l , where T λ l runs over irreducible components of T such that g(T λ l ) = C λ . Note that T λ and V i are disjoint unions of some strata of (V, T ). By applying the same construction as above to (V ′ , T ′ ) and g ′ := g • p 1 = g • p 2 : V ′ → X, we get V ′ = i∈I V ′ i and T ′ = λ∈Λ T ′ λ . We apply the same construction as in [FF1, 4.14 ] to V = i∈I V i and T = λ∈Λ T λ (resp. V ′ = i∈I V * by Lemma 4.7. We note that
